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a b s t r a c t
A graph is one-regular if its automorphism group acts regularly on
the set of arcs of the graph. Marušič and Pisanski [D. Marušič and
T. Pisanski, Symmetries of hexagonal graphs on the torus, Croat.
Chemica Acta 73 (2000) 969–981] classified one-regular Cayley
graphs on a dihedral group of valency 3, and Kwak et al. [J.H. Kwak,
Y.S. Kwon, J.M. Oh, Infinitely many one-regular Cayley graphs on
dihedral groups of any prescribed valency, J. Combin. Theory B 98
(2008) 585–598] classified those of valency 5. In this paper one-
regular Cayley graphs on a dihedral group of any prime valency are
classified and enumerated. It is shown that for an oddprime q, there
exists a q-valent one-regular Cayley graph on the dihedral group of
order 2m if and only if m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1,
s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi−1). There
are exactly (q−1)s−1 non-isomorphic such graphs for a given order.
Consequently, one-regular cyclic Haar graphs of prime valency are
classified and enumerated. Furthermore, it is shown that every q-
valent one-regular graph of square-free order is a Cayley graph on
a dihedral group, and as a result, q-valent one-regular graphs of
square-free order are classified and enumerated.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
For a finite, simple and undirected graph X , we use V (X), E(X) and Aut(X) to denote its vertex set,
edge set and automorphism group, respectively. Let G be a permutation group on a setΩ and α ∈ Ω .
Denote by Gα the stabilizer of α in G, that is, the subgroup of G fixing the point α. We say that G is
semiregular on Ω if Gα = 1 for every α ∈ Ω and regular if G is transitive and semiregular. A graph
is vertex-transitive if Aut(X) is transitive on vertices, and arc-transitive (symmetric) or one-regular if
Aut(X) acts transitively or regularly on the set of arcs (directed edges) of the graph. We will use the
symbol Zn, both for the cyclic group of order n and the ring of integers modulo n. Denote by Z∗n the
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multiplicative group of units of Zn, and by Dn the dihedral group of order 2n. Let G be a finite group
and let S be a subset of G with 1 ∉ S and S−1 = S. The Cayley graph X = Cay(G, S) on G with respect
to S is defined to have vertex set V (X) = G and edge set E(X) = {{g, sg} | g ∈ G, s ∈ S}. A Cayley
graph Cay(G, S) is connected if and only if G = ⟨S⟩, that is, S generates G. A graph X is isomorphic to
a Cayley graph on a group G if and only if its automorphism group Aut(X) has a subgroup isomorphic
to G acting regularly on vertices (see [3, Lemma 16.3]).
A one-regular graph with each vertex having the same valency must be connected, and a graph
of valency 2 is one-regular if and only if it is a cycle. One-regular graphs with small valencies have
received considerable attention. The first interesting case is of valency 3 and the first example of
cubic one-regular graph was constructed by Frucht [15]. Much subsequent work was done in this
line as part of a more general problem dealing with the investigation of cubic symmetric graphs (see
[6,8,10–14,32]). Marušič [29] constructed an infinite family of tetravalent one-regular Cayley graphs
on alternating groups. All tetravalent one-regular circulant graphs were classified in [46], and all
tetravalent one-regular Cayley graphs on abelian groups were classified in [44]. One may deduce a
classification of tetravalent one-regular Cayley graphs on dihedral groups from Kwak and Oh [23] and
Wang et al. [40,41]. Let p and q be primes. Clearly, every tetravalent one-regular graph of order p is a
circulant graph. For a tetravalent one-regular graph X of order pq, if |V (X)| = 2p, then X is a circulant
graph by [5] or [28]; if p = q, thenX is a Cayley graph on an abelian group of order p2 (clearly p ≥ 3 and
any Sylow p-subgroup of Aut(X) has order p2 which is regular on V (X)), and hence circulant by [44];
if p > q > 2, then X is not vertex-primitive by [35,42], and then circulant by [34,42], which can also
be deduced from [31]. It follows that all tetravalent one-regular graphs of order p or pq are circulant,
and a classification of such graphs can be easily deduced from [46]. All tetravalent one-regular graphs
of order 2pqwere classified in [48], and infinitely many one-regular Cayley graphs on dihedral groups
of valency 4 and 6 with girth 6 were constructed by Oh and Hwang [33]. Malnič et al. [27] constructed
an infinite family of infinite one-regular graphs, which steps into the important territory of symmetry
in infinite graphs; see also [25,39] for some more results related to this topic.
It is well known that every transitive permutation group of prime degree p is either 2-transitive or
solvable with a regular normal Sylow p-subgroup (for example, see [7, Corollary 3.5B]), from which
one may easily obtain a classification of one-regular graphs of prime order (also see [1,4]). By Cheng
and Oxley [5], one may deduce a classification of one-regular graphs of order twice a prime. Zhou
and Feng [47] classified cubic one-regular graphs of square-free order. In this paper we classify and
enumerate one-regular graphs of square-free order of prime valency. It is shown that for an odd
prime q and a square-free integer n, there exists a q-valent one-regular graph of order n if and only if
n = 2qtp1p2 · · · ps ≥ 26, where t ≤ 1, s ≥ 1, and pi’s are distinct primes such that q | (pi − 1). There
are exactly (q−1)s−1 non-isomorphic such graphs for a given order, which are explicitly constructed.
Kwak et al. [23] constructed an infinite family of one-regular Cayley graphs on dihedral groups of
any even valency with cyclic vertex stabilizer, including an infinite family of one-regular graphs of
order neither a prime nor twice a prime, and Kwak et al. [21] constructed an infinite family of one-
regular Cayley graphs on dihedral groups of any prescribed valency with cyclic stabilizer and girth 6.
One-regular Cayley graphs of valency 3 and 5 on a dihedral groupwere classified byMarušič et al. [30]
and Kwak et al. [21], respectively. In this paper we classify and enumerate one-regular Cayley graphs
of prime valency on a dihedral group. It is shown that for an odd prime q, there exists a q-valent one-
regular Cayley graph on a dihedral group Dm if and only if m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1,
s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi−1). Furthermore, there are exactly (q−1)s−1
non-isomorphic such graphs for a given order, which are explicitly constructed.
A voltage graph is a graph X (possibly with loops, multiple edges and semi-edges) together with a
mapping γ (usually called voltage assignment) of arcs in a group T such that inverse arcs are mapped
to inverse group elements and semi-edges are mapped into involutions. The regular covering graph Y
ofX has vertex setV (Y ) = V (X)×T and edge set E(Y ) = {{(u, g), (v, γ(u,v)g)} | {u, v} ∈ E(X), g ∈ T },
where γ(u,v) is the voltage assigned on the arc (u, v), that is the image of (u, v) under γ . By defining
(u, g ′)g = (u, g ′g) for any g ∈ T and (u, g ′) ∈ V (Y ), T becomes a subgroup of Aut(Y ) which acts
semiregularly on V (Y ). Readers can getmore information on voltage graph and regular covering graph
from [3,17]. For a given group T with a generating set A, a dipole with |A| parallel arcs labeled by
elements of A give rise to a voltage graph whose covering graph is bipartite and regular (each vertex
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has the same valency), denoted by H(T , A). In the case when T is abelian we refer to this graph as the
Haar graph of T with respect to the symbol A. In particular for T cyclic the above graph is referred to
as a cyclic Haar graph. Cyclic Haar graphs are interesting as they can be regarded as a generalization
of bipartite circulants and readers can see more properties of cyclic Haar graphs in [18,36,37]. It is
easy to see that a cyclic Haar graph is a Cayley graph on a dihedral group because the graph admits
a cyclic semiregular group of automorphisms with two orbits. As a byproduct of the classification of
one-regular Cayley graphs of prime valency on a dihedral group Dm, one-regular cyclic Haar graphs
H(Zm, A) of prime valency are classified and enumerated in this paper.
2. Preliminaries
In this section, we list some preliminary results that will be used later. For a subgroup H of a group
G, denote by CG(H) the centralizer of H in G and by NG(H) the normalizer of H in G. Then CG(H) is
normal in NG(H).
Proposition 2.1 ([19, Chapter I, Theorem 4.5]). The quotient group NG(H)/CG(H) is isomorphic to a
subgroup of the automorphism group Aut(H) of H.
For a group G, the Fitting subgroup Fit(G) of G is the largest nilpotent normal subgroup of G.
Proposition 2.2 ([19, Chapter III, Theorem 4.2]). Let G be a finite solvable group. Then the centralizer
CG(Fit(G)) of Fit(G) in G is a subgroup of Fit(G).
The next result is called the Schur–Zassenhaus Theorem.
Proposition 2.3 ([38, Theorem 9.1.2]). Let N be a normal subgroup of a finite group G. If |N| and |G : N|
are relatively prime then G has a subgroup H such that G = NH with N ∩ H = 1.
The next two propositions are well-known results in permutation group theory, of which the first
has achieved a sort of folklore status.
Proposition 2.4 ([43, Proposition 4.4]). Every transitive abelian group G on a set Ω is regular and the
centralizer CSΩ (G) of G in the symmetric group SΩ is G.
The following proposition is due to Schur.
Proposition 2.5 ([43, Theorem 25.3]). Let G be a primitive permutation group on a set Ω and H a cyclic
subgroup of composite order of G. If H is regular onΩ then G is 2-transitive.
Let X = Cay(G, S) be a Cayley graph on a group G with respect to S. Set A = Aut(X) and
Aut(G, S) = {α ∈ Aut(G) | Sα = S}. For each g ∈ G, let R(g) denote the permutation on G defined
by x → xg , x ∈ G. Then, A contains the right regular representation R(G) := {R(g) | g ∈ G} of G,
which is regular on V (X), and the group Aut(G, S) is a subgroup of A1, the stabilizer of 1 in A. A Cayley
graph Cay(G, S) is said to be normal if A contains R(G) as a normal subgroup. The following result can
be deduced from Godsil [16] (also see [45, Proposition 1.5]).
Proposition 2.6. Let X = Cay(G, S) be a connected Cayley graph on a finite group G with respect to S,
and let A = Aut(X). Then NA(R(G)) = R(G) o Aut(G, S), where NA(R(G)) is the normalizer of R(G) in A.
In particular, X is normal if and only if A1 = Aut(G, S).
Let G be a finite group and S a subset of G such that 1 ∉ S and S−1 = S. We call S a CI-subset of G,
if Cay(G, S) ∼= Cay(G, T ) implies that there is an α ∈ Aut(G) such that Sα = T . The following result is
a well-known criterion for CI-subset due to Babai [2].
Proposition 2.7. Let X = Cay(G, S) be a Cayley graph on a finite group G with respect to S, and let
A = Aut(X). Then S is a CI-subset of G if and only if for any σ ∈ SG with σ−1R(G)σ ≤ A, there exists an
α ∈ A such that σ−1R(G)σ = α−1R(G)α, where SG denotes the symmetric group on G.
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Let X be a connected symmetric graph of a prime valency p and let G ≤ Aut(X) act arc-transitively
on X . Let N be a normal subgroup of G. The quotient graph XN of X relative to N is defined as the graph
with vertices the orbits of N on V (X) and with two orbits adjacent if there is an edge in X between
those two orbits. In view of [24, Theorem 9], we have the following proposition.
Proposition 2.8. If N has more than two orbits then XN is a symmetric graph of valency p and N is the
kernel of G acting on the set of orbits of N. Furthermore, N is semiregular and G/N is arc-transitive on XN .
Let q be an odd prime and letm > 1 be a positive integer. Consider the following equation
xq−1 + xq−2 + · · · + x+ 1 = 0 (1)
whose solutions in the ring Zm will be investigated in Lemma 3.3. Following the notation used by
Kwak et al. in [21], for any two positive integers ℓ, t ≥ 1, define
ℓ[t] = ℓt−1 + ℓt−2 + · · · + 1.
Let q,m, ℓ be as above such that ℓ[q] = 0 in Zm, that is, ℓ is a solution of Eq. (1) in Zm. Let Dm =
⟨a, b | am = b2 = 1, b−1ab = a−1⟩ and S = {b, ab, aℓ+1b, . . . , aℓq−2+ℓq−3+···+1b}. Then S = {b, aℓ[1]b,
aℓ[2]b, aℓ[3]b, . . . , aℓ[q−1]b}. Define
CDℓm = Cay(Dm, S). (2)
Proposition 2.9. Let m > 1 be an integer and q an odd prime. Let ℓ be a solution of Eq. (1) in Zm. Then
for any 1 ≤ i ≤ q− 1, ℓ[i] ∈ Z∗m and the Cayley graph CDℓm has valency q.
Proof. Clearly, 1 ∈ Z∗m. Let 2 ≤ k ≤ q − 1 and assume that ℓ[i] ∈ Z∗m for any 1 ≤ i < k.
Since q is a prime, q = kt + j for some positive integers j, t with 1 ≤ j < k. Since ℓ[q] =
1+ ℓ+ ℓ2 + · · · + ℓq−1 = 0 in Zm, one has ℓ[k] + ℓkℓ[k] + ℓ2kℓ[k] + · · · + ℓ(t−1)kℓ[k] + ℓtkℓ[j] = 0,
that is, ℓ[k](1+ℓk+ℓ2k+· · ·+ℓ(t−1)k) = −ℓtkℓ[j]. It follows that ℓ[k] ∈ Z∗m because−ℓtk, ℓ[j] ∈ Z∗m.
By an inductive method, ℓ[i] ∈ Z∗m for any 1 ≤ i ≤ q− 1.
Suppose ℓ[i] = ℓ[j] in Zm for some 1 ≤ i < j ≤ q − 1. Then ℓ[j] − ℓ[i] = 0 in Zm, that is,
ℓiℓ[j − i] = 0. It follows that ℓ[j − i] = 0, contrary to the fact that ℓ[j − i] ∈ Z∗m. Thus, ℓ[i] ≠ ℓ[j] in
Zm for any 1 ≤ i < j ≤ q− 1, which means that CDℓm has valency q. 
The Cayley graphsCDℓm are arc-transitive because the automorphismofDm induced by a → aℓ and
b → abpermutes the elements of S cyclically. Thismeans that ifCDℓm is one-regular then it is a normal
Cayley graph on Dm. By [30, Theorem 1] and [21, Theorem B], we have the following proposition.
Proposition 2.10. The Cayley graphs CDℓm are normal and one-regular when either q = 3 and m ≥ 13,
or q = 5 and m ≥ 31.
Let p, q be odd primes such that q | (p − 1). Then Z∗p has a unique cyclic subgroup of order q, say
H(p, q). Let H(p, q) = ⟨ℓ⟩. It is easy to see that ℓ is a solution of Eq. (1) in Zp. Let A = {i | i ∈ Zp} and
A′ = {i′ | i ∈ Zp} be two copies of Zp. The graph G(2p, q) is defined to have vertex set A∪ A′ and edge
set {{x, y′} | x, y ∈ Zp and y − x ∈ H(p, q)}. It is easy to show that the bijection β : A ∪ A′ → D2p
defined by iβ = a−i and (i′)β = aib for any i ∈ Zp is a graph isomorphism from G(2p, q) to the
Cayley graph Cay(D2p, {ab, aℓb, . . . , aℓq−1b}), and the automorphism of D2p induced by a → aℓ−1 and
b → ab is a graph isomorphism fromCDℓ2p to Cay(D2p, {ab, aℓb, . . . , aℓq−1b}). By Cheng andOxley [5],
the graph G(2p, q) is one-regular if and only if (p, q) ≠ (7, 3) or (11, 5), which means the following
proposition.
Proposition 2.11 ([5, Table 1]). Let p, q be odd primes such that q | (p − 1), and let ℓ be a solution of
Eq. (1) in Zp. Then, CDℓ2p is one-regular if and only if (p, q) ≠ (7, 3) or (11, 5).
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3. Classifications and enumerations
Let q be an odd prime. In this section, we shall classify and enumerate q-valent one-regular Cayley
graphs on dihedral groups and q-valent one-regular graphs of square-free order.
Theorem 3.1. For an odd prime q and a positive integer m, X is a q-valent one-regular Cayley graph on
the dihedral group Dm if and only if X ∼= CDℓm (defined in Eq. (2)) for some solution ℓ of Eq. (1) in Zm, and
m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1, s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1).
There are exactly (q− 1)s−1 non-isomorphic such graphs for a given order.
For a q-valent one-regular Cayley graph on the dihedral group Dm, it seems that m defines the
valency q from Theorem3.1. However, this is not true. For instance ifm = 31 then q can be 3 or 5. Note
that by [21, TheoremA] the graphsCDℓm are one-regularwhenm =
∑q−1
i=0 ℓi ≥ 13,while the necessity
of Theorem 3.1 implies that such graphs are one-regular whenm ≥ 13 and∑q−1i=0 ℓi = 0 (modm).
The following corollary is straightforward by the definition of cyclic Haar graph.
Corollary 3.2. For an odd prime q and a positive integer m, X is a q-valent one-regular cyclic Haar graph
if and only if X = H(Zm, {0, 1, ℓ+1, . . . , ℓq−2+ℓq−1+· · ·+1}) for some solution ℓ of Eq. (1) inZm, and
m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1, s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1).
There are exactly (q− 1)s−1 non-isomorphic such graphs for a given order.
The classification of one-regular cyclic Haar graphs of composite valency is still elusive and one
may find some infinite families of such graphs from the constructions of one-regular normal Cayley
graphs on a dihedral group in [21,23,22,33].
The proof of Theorem 3.1 follows from Lemma 3.4(ii) and 3.5. First we prove a result on number
theory.
Lemma 3.3. Let q be an odd prime and let m > 1 be an integer. Then Eq. (1) has a solution in Zm if and
only if m = qtpe11 pe22 · · · pess , where t ≤ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1).
Furthermore, if Eq. (1) has a solution then it has exactly (q− 1)s solutions in Zm.
Proof. Assume that λ ∈ Zm is a solution of Eq. (1). Then λ[q] = λq−1+ λq−2+ · · · + λ+ 1 = 0 in the
ring Zm. Let p be a prime factor ofm. Then λ[q] = 0 (mod p). This implies that if λ = 1 (mod p) then
p = q. Let λ ≠ 1 (mod p). Since λq − 1 = (λ− 1)λ[q] = 0 (mod p), λ is an element of order q in Z∗p ,
ensuring that q | (p − 1). Thus, m = qtpe11 pe22 · · · pess , where ei ≥ 1 and pi’s are distinct primes such
that q | (pi − 1).
Suppose t ≥ 2. Then, λ[q] = 0 (mod q2). In particular, λ[q] = 0 (mod q) and λq = 1 (mod q). It
is easy to see that gq = g for any g ∈ Zq. Thus, λ = 1 (mod q). Let λ = kq + 1 for some integer
k. Then λi = (kq + 1)i = ikq + 1 (mod q2) for any i ≥ 1. Since λ[q] = 0 (mod q2), one has
kq+ 2kq+ ·+ (q− 1)kq+ q = 0 (mod q2), that is, kq2 · q−12 + q = 0 (mod q2), a contradiction. Thus,
t ≤ 1.
If s = 0 then t = 1. In this case, the lemma is trivial. In what follows we assume that s ≥ 1. Now
assume that m = qtpe11 pe22 · · · pess , where t ≤ 1, s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that
q | (pi− 1). To finish the proof, we only need to show that Eq. (1) has exactly (q− 1)s solutions in Zm.
Use induction on s. Let s = 1. Then m = qtpe11 with t ≤ 1 and e1 ≥ 1. Since p1 − 1 is divisible by
q, Z∗
qtp
e1
1
has exactly q− 1 elements of order q, say, λ, λ2, . . . , λq−1. Thus, λ ≠ 1 and λq = 1 in Zm. It
follows that
(λ− 1)λ[q] = 0 (3)
in Zm. Suppose λ − 1 = 0 (mod p1). Since λ ≠ 1 in Zm, one has λ = kph1 + 1 for some integers k
and h such that h ≥ 1 and (p1, k) = 1. If h ≥ e1 then pe11 | (λ − 1), which ensures t = 1 because
λ ≠ 1 in Zm. Thus, λq = 1 in Zq and hence λ = 1 in Zq, that is, q | (λ − 1). This means that
λ = 1 in Zm because (q, pe11 ) = 1, a contradiction. It follows that 1 ≤ h < e1. In this case, (kph1)q +
C1q (kp
h
1)
q−1+· · ·+Cq−2q (kph1)2+qkph1+1 = 1 (mod pe11 ) because λq = 1 in Zm. Thus, p1 | qk, ensuring
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p1 | k, contrary to the hypothesis that (p1, k) = 1. This implies that λ − 1 ≠ 0 (mod p1), that is,
λ − 1 ∈ Z∗
p
e1
1
. By Eq. (3), λ[q] = 0 in Zpe11 . Then λ[q] = 0 in Zm for t = 0. This is also true for t = 1
because λ[q] = 0 in Zq, which follows from the fact that λ = 1 (mod q) (note that λq = 1 (mod q)).
Thus, λ is a solution of Eq. (1) in Zm. Similarly, λ2, λ3, . . . , λq−1 are solutions of Eq. (1). On the other
hand, all solutions of Eq. (1) in Zm are elements of order q in Z∗m. This implies that Eq. (1) has exactly
q− 1 solutions in Zm.
Let s > 1. Set h = qtpe11 pe22 ···pes−1s−1 . By inductive hypothesis, Eq. (1) has exactly (q−1)s−1 solutions in
Zh and denote by
∑ = {ui | 1 ≤ i ≤ (q−1)s−1} the set of these solutions. Similarly, Eq. (1) has exactly
q−1 solutions inZpess , say, vi for 1 ≤ i ≤ q−1. Set Q = {kh | k ∈ Zpess } and T = {kpess | k ∈ Zh}. By the
proof of Lemma 3.1 in [26], |(ui + Q )∩ (vj + T )| = 1 for every 1 ≤ i ≤ (q− 1)s−1 and 1 ≤ j ≤ q− 1.
Let λij ∈ (ui + Q ) ∩ (vj + T ). Since (h, pess ) = 1, Eq. (1) has (q − 1)s solutions λij in Zm. Note that
all solutions of Eq. (1) in Zm are also solutions of Eq. (1) in Zh and Zpess , respectively. Thus, Eq. (1) has
exactly (q− 1)s solutions in Zm. 
Lemma 3.4. Let q be an odd prime and m a positive integer. Let X = Cay(Dm, S) be a connected q-valent
Cayley graph on the dihedral group Dm = ⟨a, b | am = b2 = 1, b−1ab = a−1⟩. Let A = Aut(X) and
denote by NA(R(Dm)) the normalizer of R(Dm) in A.
(i) If mq | |NA(R(Dm))| then X ∼= CDℓm (defined in Eq. (2)) for some solution ℓ of Eq. (1) in Zm and
m = qtpe11 pe22 · · · pess , where t ≤ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1).
(ii) X is one-regular if and only if X ∼= CDℓm for some solution ℓ of Eq. (1) inZm andm = qtpe11 pe22 ···pess ≥
13, where t ≤ 1, s ≥ 1, ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1).
Proof. To prove (i), assume thatmq | |NA(R(Dm))|. By Proposition 2.6,NA(R(Dm)) = R(Dm)oAut(G, S).
Since q is an odd prime, Aut(G, S) has an element of order q permuting the elements of S cyclically.
By [21, Proposition 2.2], X = CDℓm and S = {b, ab, a1+ℓb, . . . , a1+ℓ+ℓ2+···+ℓq−2b}with ℓ[q] = 0 in Zm.
Thus, ℓ is a solution of Eq. (1) in Zm. By Lemma 3.3,m = qtpe11 pe22 · · · pess , where t ≤ 1, ei ≥ 1 and pi’s
are distinct primes such that q | (pi − 1).
To prove the necessity of (ii), assume that X = Cay(Dm, S) is one-regular. By Kim et al. [20], X is
normal (also this can be deduced from [9, Theorem 1.1] because it is easy to show that A is solvable).
Then A = NA(R(Dm)) and by the one-regularity of X ,mq | |NAut(X)(R(Dm))|. By (i), X ∼= CDℓm for some
solution ℓ of Eq. (1) in Zm and m = qtpe11 pe22 · · · pess , where t ≤ 1, ei ≥ 1 and pi’s are distinct primes
such that q | (pi− 1). Note that S consists of involutions. If s = 0 then X has order 2q. This means that
X is bipartite with ⟨a⟩ and ⟨a⟩b as its bipartite sets. It follows that X is the bipartite graph Kq,q, contrary
to the one-regularity of X . Thus, s ≥ 1. Ifm < 13 thenm is a prime and the only pairs (m, q) satisfying
q - (m− 1) are (7, 3) and (11, 5). By Proposition 2.11, CDℓm is not one-regular, a contradiction. Thus,
m ≥ 13.
To prove the sufficiency of (ii), assume that m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1, s ≥ 1,
ei ≥ 1 and pi’s are distinct primes such that q | (pi − 1). This implies that m ≥ 31 for q = 5. Let
X = CDℓm for some solution ℓ of Eq. (1) in Zm. We aim to prove that X is one-regular. This is true
for q = 3, 5 by Proposition 2.10. In what follows we assume that q ≥ 7. Let A = Aut(X). Recall that
Dm = ⟨a, b | am = b2 = 1, b−1ab = a−1⟩. Clearly, X is bipartite with B1 = {g | g ∈ ⟨a⟩} and
B2 = {g | g ∈ ⟨a⟩b} as its bipartite sets. Note that the automorphism α of Dm induced by a → aℓ and
b → ab cyclically permutes the elements in S = {b, ab, aℓ[2]b, aℓ[3]b, . . . , aℓ[q−1]b}. Thus, A contains
the subgroup R(Dm)o ⟨α⟩which is isomorphic to Dm o Zq. To finish the proof it suffices to show that
|A| = 2mq.
Let R(Zm) be the unique cyclic subgroup of order m in R(Dm). Then R(Zm) fixes B1 and B2 setwise.
Further, R(Zm) acts regularly on B1 and B2, respectively. Since X is a connected q-valent arc-transitive
graph, one has |A| = m′qm, where each prime divisor ofm′ is less than q. Ifm is a prime thenm = p1
with q | (p1− 1) because s ≥ 1. In this case, X = CDℓ2p1 is one-regular by Proposition 2.11 and hence|A| = 2p1q, as required.
Now assume that m is composite. Let N be a minimal normal subgroup of A. First we prove the
following claim.
Claim. N ∼= Zr for some prime divisor r ofm and N ≤ R(Zm).
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Suppose N is non-abelian. Then N is a product of isomorphic non-abelian simple groups, which
is clearly nonsolvable. If N has more than two orbits, by Proposition 2.8, N is semiregular and hence
|N| | 2m. Since m is odd, Sylow 2-subgroups of N have order 1 or 2, contrary to the nonsolvability of
N . If N is transitive on V (X) then the subgroup of N fixing the bipartite sets of X setwise has index 2
and hence normal in N , which is impossible. Thus, N has exactly two orbits B1 and B2, implying that
p1 | |N|. Note that R(Zm) ≤ A and |A| = m′qm where each prime divisor of m′ is less than q. This
implies that A has cyclic Sylow p1-subgroup. Thus, N must be a non-abelian simple group.
Since s ≥ 1 and m is composite, |B1| > q2 and since X has valency q, the number of vertices at
distance 2 from 1 in X is at most q(q − 1). Thus, N is not 2-transitive on B1. Let N1 and A1 be the
stabilizers of 1 in N and A, respectively. Then N1 E A1. Note that a transitive action of prime degree
must be primitive. Since X has valency q, either N1 = 1 or N1 is transitive on the neighborhood of 1
in X . For the former, N is regular on B1, which is clearly impossible. For the latter, q | |N1| and hence
mq | |N|. Since |NR(Zm)| = |N||R(Zm)|/|N ∩ R(Zm)|, |NR(Zm)| is divisible by m2q/|N ∩ R(Zm)| and
hence |A| is divisible by m2q/|N ∩ R(Zm)|, which implies that |N ∩ R(Zm)| = m because |A| = m′qm
and each prime divisor of m′ is less than q. Thus, N ∩ R(Zm) = R(Zm), that is, R(Zm) ≤ N . Note
that R(Zm) is a cyclic regular subgroup of composite order on B1. Since N is not 2-transitive on B1,
by Proposition 2.5, N is imprimitive on B1. Let B = {B11, B21, . . . , Bt1} be a complete imprimitive block
system of N on B1. Then 1 < t < m and t | m. Let K be the kernel of N on B. By the simplicity of
N , K = 1. On the other hand, by Proposition 2.4, R(Zm)/H is regular on B where H is the kernel of
R(Zm) on B. This means that H is the unique subgroup of order m/t in R(Zm), say R(Zm/t). It follows
that R(Zm/t) ≤ K , a contradiction.
Thus, N is abelian and hence an elementary abelian r-group for some prime r . Since the blocks of
N is a complete imprimitive block system of A on V (X), one has r | 2m. If r = 2 then the quotient
graph XN of N relative to N has odd orderm and odd valency q, a contradiction. Thus, r | m.
Consider the group NR(Zm). Let r ≠ q. Since |A| = m′qm and each prime divisor of m′ is less
than q, |NR(Zm)| = m, implying NR(Zm) = R(Zm). Thus, N ≤ R(Zm), ensuring N ∼= Zr . Let
r = q. Then |NR(Zm)| = m or mq. Suppose |NR(Zm)| = mq. Since s ≥ 1, N has more than two
orbits and by Proposition 2.8, N is semiregular on V (X). Since t ≤ 1, one has N ∼= Zq. Note that
NR(Zm)/N ∼= Zm/(N ∩ R(Zm)) is cyclic. Then one may easily show that every Sylow subgroup of
NR(Zm) is normal in NR(Zm) and hence NR(Zm) is abelian. Thus, NR(Zm) has the same stabilizers
isomorphic to Zq for all vertices in B1 because q | m, ensuring X ∼= Kq,q, which is impossible. Thus,
|NR(Zm)| = m. In this case, N ≤ R(Zm) and hence N ∼= Zr , completing the proof of the claim.
Let n = mr and assume that n is composite. Consider the quotient graph XN of X relative to N . By
Proposition 2.8, |V (XN)| = 2n and XN has valency q. Furthermore, A/N ≤ Aut(XN) and R(Dm)/N is a
regular subgroup of Aut(XN) on V (XN)which is isomorphic to D2n. Thus, XN is a q-valent Cayley graph
on the dihedral group R(Dm)/N . Since R(Dm)o⟨α⟩ ≤ A, one has (R(Dm)o⟨α⟩)/N ≤ NAut(XN )(R(Dm)/N),
implying that nq | |NAut(XN )(R(Dm)/N)|. By (i),XN ∼= CDℓ2n for some solution ℓ of Eq. (1) inZn. By Claim,
Aut(XN) has a normal subgroup, sayM/N , which is isomorphic to Zr ′ with r ′ a prime divisor of n, and
M/N ≤ R(Zm)/N . Thus, M E A and M ≤ R(Zm). If m/|M| is composite, replacing N by M , one may
continue the above process. Thus, there exists a normal subgroup L of A such that L ≤ R(Zm) andm/|L|
is a prime. Clearly,m/|L| = q or pi for some 1 ≤ i ≤ s.
Assume thatm/|L| = q. Set C = CA(L), the centralizer of L in A. Then R(Zm) ≤ C . Since |A| = m′qm
where each prime divisor of m′ is less than q, L is a Hall subgroup of A and hence a Hall subgroup of
C . By Proposition 2.3, there is a T ≤ C such that C = TL with T ∩ L = 1. Thus, C = T × L and T is
a Hall subgroup of C , which is characteristic in C . Since C E A, one has T E A. By Proposition 2.8, T
is semiregular and so |T | | 2m. If |T | is even, the quotient graph XT of X relative to T has odd order
and odd valency, a contradiction. It follows that |T | | m and hence |C | | m. Since R(Zm) ≤ C , one has
C = R(Zm). Thus, every subgroup of R(Zm) is normal in A because it is characteristic in C . In particular,
R(Zm) has a subgroup of index p1 which is normal in A.
Thus, we may assume thatm/|L| = pi for some 1 ≤ i ≤ s (ifm/|L| = q, replace L by the subgroup
of R(Zm) with index p1). Consider the quotient graph XL of X relative to L. By Proposition 2.8, A/L ≤
Aut(XL) and R(Dm)/L acts regularly on V (XL). Clearly, R(Dm)/L ∼= D2pi and R(Dm)/L E (R(Dm)o ⟨α⟩)/L,
implying that piq is a divisor of |NAut(XL)(R(Dm)/L)|. Furthermore, |A/L| ≥ 2piq. By (i), XL ∼= CDℓ2pi for
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some solution ℓ of Eq. (1) in Zpi . Since q ≥ 7, by Proposition 2.11, one has |Aut(XL)| = 2piq and hence|A/L| = 2piq. This implies that |A| = 2mq, as required. 
In the following lemma, we will enumerate the number of one-regular Cayley graphs of valency q
on a dihedral group.
Lemma 3.5. Let q be an odd prime and let m = qtpe11 pe22 · · · pess ≥ 13, where t ≤ 1, s ≥ 1, ei ≥ 1 and
pi’s are distinct primes such that q | (pi − 1). Let ℓ1 and ℓ2 be two distinct solutions of Eq. (1) in Zm. Then
CD
ℓ1
m ∼= CDℓ2m if and only if ℓ2 ∈ ⟨ℓ1⟩ in Z∗m, where ⟨ℓ1⟩ is the subgroup generated by ℓ1 in Z∗m. Thus,
there are exactly (q− 1)s−1 pairwise non-isomorphic q-valent one-regular Cayley graphs on the dihedral
group Dm = ⟨a, b | am = b2 = 1, b−1ab = a−1⟩.
Proof. Let ℓ be a solution of Eq. (1) in Zm. Then ℓ[q] = 0 in Zm. Since s ≥ 1, ℓ has order q in Z∗m.
Assume that (ℓ − 1,m) = r ≠ 1. Then ℓ = kr + 1 for some integer k. Since ℓ[q] = 0 in Zm, one has
r | q, ensuring that r = q. Thus, (ℓ− 1,m) = q and t = 1. On the other hand, if t = 1 then ℓ[q] = 0
in Zq because ℓ[q] = 0 in Zm. Thus, ℓq = 1 in Zq and hence ℓ = 1 in Zq. It follows that (ℓ− 1,m) ≠ 1.
These imply that if t = 0 then (ℓ− 1,m) = 1 and if t = 1 then (ℓ− 1,m) = q. Setm′ = m/qt . Then
ℓ−1 ∈ Z∗m′ and ℓhas order q inZm′ . Let 1 ≤ i ≤ q−1. Since ℓi−1 = (ℓ−1)(ℓi−1+· · ·+1) = (ℓ−1)ℓ[i],
by Proposition 2.9 one has ℓi − 1 ∈ Z∗m′ . Write
S(ℓ) = {b, aℓ[1]b, aℓ[2]b, aℓ[3]b, . . . , aℓ[q−1]b},
S[ℓ] = {ℓ[1] = 1, ℓ[2], ℓ[3], . . . , ℓ[q− 1]}.
Then CDℓm = Cay(Dm, S(ℓ)). Let A = Aut(CDℓm). By Lemma 3.4(ii), CDℓm is one-regular, implying
|A| = 2mq. Since the automorphism of Dm induced by a → aℓ and b → ab cyclically permutes the
elements in S(ℓ), CDℓm is normal. Thus, R(Dm) E A and A ∼= Dm o Zq. First we prove two claims.
Claim 1. S(ℓ) is a CI-subset of Dm.
Let H ≤ A be such that H ∼= Dm. Suppose H ≠ R(Dm). Since A ∼= Dm o Zq and R(Dm) E A, one has
A = R(Dm)H . It follows that |H/(H ∩ R(Dm))| = 12m |R(Dm)||H|/|H ∩ R(Dm)| = 12m |A| = q. This means
that H has a normal subgroup of index q, which is impossible because H ∼= Dm. Thus, H = R(Dm). By
Proposition 2.7, S(ℓ) is a CI-subset of Dm.
Claim 2. For any 1 ≤ s ≤ q−1 and ℓ[s] ∈ S[ℓ], ℓ[s]−1S[ℓ] = S[ℓs] inZ∗m, where ℓ[s]−1S[ℓ] = {ℓ[s]−1x |
x ∈ S[ℓ]}.
By Proposition 2.9, ℓ[s] ∈ Z∗m. Recall that ℓi − 1 ∈ Z∗m′ for any 1 ≤ i ≤ q − 1. Then
ℓ[s] = 1 + ℓ + · · · + ℓs−1 = ℓs−1
ℓ−1 in Zm′ . Take any ℓ[j] ∈ S[ℓ] with 1 ≤ j ≤ q − 1. Similarly,
ℓ[j] = ℓj−1
ℓ−1 in Zm′ . Since ℓ
s is an element of order q in Z∗m, one has ⟨ℓ⟩ = ⟨ℓs⟩ in Z∗m. Thus, there exists
an integer 1 ≤ k ≤ q− 1 such that ℓj = (ℓs)k. It follows that
ℓ[s]−1ℓ[j] = ℓ− 1
ℓs − 1 ·
ℓj − 1
ℓ− 1 =
ℓj − 1
ℓs − 1 =
(ℓs)k − 1
ℓs − 1 = 1+ ℓ
s + · · · + (ℓs)k−1 = ℓs[k]
in Zm′ because ℓ − 1, ℓs − 1 ∈ Z∗m′ . Thus, ℓ[s]−1ℓ[j] = ℓs[k] in Z∗m′ . To finish the proof of Claim 2, by
the arbitrary character of ℓ[j] in S[ℓ], it suffices to show that ℓ[s]−1ℓ[j] = ℓs[k] in Z∗m. This is clearly
true for t = 0. For t = 1, ℓ = 1 in Zq (note that ℓq = 1 in Zq). Let ℓ = nq+ 1. Clearly, n ≠ 0 because
ℓ ≠ 1 in Zm. Note that 1 ≤ j, s, k ≤ q− 1. From ℓj = (ℓs)k, one has (nq+ 1)j = (nq+ 1)sk, implying
j = sk in Zq. Again by ℓ = 1 in Zq, one has ℓ[s] = s, ℓ[j] = j and ℓs[k] = k in Zq. It follows that
ℓ[s]−1ℓ[j] = ℓs[k] in Z∗q . Since (q,m′) = 1, ℓ[s]−1ℓ[j] = ℓs[k] in Z∗m. This completes the proof of Claim
2.
Let (w,m) = 1. Denote by σw the automorphism of Dm induced by a → aw and b → b. Note that
ℓ1 and ℓ2 are two solutions of Eq. (1) in Zm. By the definitions of S(ℓ) and S[ℓ], one has
S(ℓ1) = {b, aℓ1[1]b, aℓ1[2]b, aℓ1[3]b, . . . , aℓ1[q−1]b},
S(ℓ2) = {b, aℓ2[1]b, aℓ2[2]b, aℓ2[3]b, . . . , aℓ2[q−1]b},
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S[ℓ1] = {ℓ1[1] = 1, ℓ1[2], ℓ1[3], . . . , ℓ1[q− 1]},
S[ℓ2] = {ℓ2[1] = 1, ℓ2[2], ℓ2[3], . . . , ℓ2[q− 1]}.
Then, CDℓ1m = Cay(Dm, S(ℓ1)) and CDℓ2m = Cay(Dm, S(ℓ2)). To finish the proof of the lemma, by
Lemma 3.3, it suffices to show that CDℓ1m ∼= CDℓ2m if and only if ℓ2 ∈ ⟨ℓ1⟩ in Z∗m, where ⟨ℓ1⟩ is the
subgroup generated by ℓ1 in Z∗m. The sufficiency is true because S(ℓ1)
σ
ℓ1[i]−1 = S(ℓi1) by Claim 2. To
prove the necessity, let CDℓ1m ∼= CDℓ2m . We only need to show that ℓ2 ∈ ⟨ℓ1⟩ in Z∗m.
By Claim 1, S(ℓ1) is a CI-subset of Dm. Then, CD
ℓ1
m ∼= CDℓ2m implies that there is an α ∈ Aut(Dm)
such that S(ℓ1)α = S(ℓ2). Since the automorphism of Dm induced by a → aℓ1 and b → ab cyclically
permutes the elements in S(ℓ1), there is a r ∈ Z∗m such that S(ℓ1)σr = S(ℓ2). It is easy to see that
S(ℓ1)σr = S(ℓ2) if and only if rS[ℓ1] = {r, rℓ1[2], rℓ1[3], . . . , rℓ1[q − 1]} = S[ℓ2]. Since 1 ∈ S[ℓ1]
and 1 ∈ S[ℓ2], rS[ℓ1] = S[ℓ2] implies r ∈ S[ℓ1]−1 ∩ S[ℓ2]. Let r = ℓ1[s]−1 for some 1 ≤ s ≤ q− 1. By
Claim 2, rS[ℓ1] = S[ℓs1]. Thus, S[ℓs1] = S[ℓ2] and hence the following equation holds in Zm′
q−1
i=1
ℓ2[i] =
q−1
i=1
ℓi2 − 1
ℓ2 − 1 =
q−1∑
i=1
ℓi2 − (q− 1)
ℓ2 − 1 =
−q
ℓ2 − 1 =
q−1
i=1
ℓs1[i] =
−q
ℓs1 − 1
.
Then q(ℓ2 − ℓs1) = 0 in Zm′ , implying ℓ2 = ℓs1 in Z∗m′ . It follows that ℓ2 = ℓs1 in Z∗m for t = 0. This is
also true for t = 1 because ℓ2 = ℓs1 = 1 in Zq. Thus, ℓ2 = ℓs1 ∈ ⟨ℓ1⟩. 
We now classify and enumerate one-regular graphs of square-free order of prime valency.
Theorem 3.6. Let q be an odd prime and n a square-free integer. Then X is a q-valent one-regular graph
of order n if and only if n = 2m, X ∼= CDℓm (defined in Eq. (2)) for some solution ℓ of Eq. (1) in Zm, and
m = qtp1p2 ···ps ≥ 13, where t ≤ 1, s ≥ 1 and pi’s are distinct primes such that q | (pi−1). Furthermore,
there are exactly (q− 1)s−1 non-isomorphic such graphs for a given order.
Proof. By Theorem 3.1, it suffices to show the necessity of the first part of the theorem. Let X be a
q-valent one-regular graph of order n. Since q is odd, n is even. Thus, n = 2m, wherem is a square-free
odd integer. By Lemma 3.4(ii), we only need to show that X is a Cayley graph on the dihedral group
Dm. Let A = Aut(X). By the one-regularity of X , |A| = qn = 2qm. Thus, A is solvable. Let F be the
Fitting subgroup of A and set C = CA(F). By Proposition 2.2, C ≤ F . Since m is square-free, every
Sylow subgroup of F is abelian and since F is nilpotent, F is abelian, implying that F ≤ C . It follows
that C = F . By Proposition 2.1, A/F ≤ Aut(F).
Every Sylow subgroup of F is characteristic in F and hence normal in A. If |F | is even then the
quotient graph of X relative to the Sylow 2-subgroup of F , by Proposition 2.8, has odd order and odd
valency q, a contradiction. Thus, |F | is odd. Suppose that the Sylow q-subgroup, say Q , of F is also a
Sylow q-subgroup of A. Then Q is not semiregular on V (X) and by Proposition 2.8, Q has two orbits
on V (X). In this case, |V (X)| = 2q and X is the bipartite graph Kq,q, contrary to the one-regularity of
X . Thus, |F | is a divisor ofm and F is cyclic. In particular, Aut(F) is abelian and hence A/F is abelian.
Suppose that F has more than two orbits on V (X). By Proposition 2.8, F is semiregular on V (X)
and the quotient graph XF relative to F is a symmetric graph with A/F as a one-regular subgroup of
automorphisms of XF . However, A/F is regular on V (XF ) by Proposition 2.4, a contradiction. Thus, F
has atmost two orbits on V (X), and since |F | is odd, F has exactly two orbits. This implies that |F | = m.
Since F has two orbits, X is bipartite with the two orbits of F as its bipartite sets. Note that the
subgroup of A fixing the bipartite sets of X setwise has index 2 in A. This ensures that every involution
in A interchanges the bipartite sets of X . Let b ∈ A be an involution and set G = ⟨F , b⟩ = F o ⟨b⟩.
Then |G| = 2m and G acts regularly on V (X), that is, X is a Cayley graph on G. Since A/F is abelian,
G/F E A/F , implying that G E A.
Let r be a prime factor ofm. Sincem is square-free and F is abelian, F = ⟨a⟩× T , where a has order
r . Note that every subgroup of F is a Hall subgroup and hence a characteristic subgroup of F . Thus,
⟨a⟩ E G and T E G. Suppose ab = a. Then G = ⟨a⟩ × ⟨b, T ⟩. Note that ⟨b, T ⟩ is a normal Hall subgroup
of G and since G ▹ A, one has ⟨b, T ⟩ E A. This is impossible because the quotient graph of X relative to
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⟨b, T ⟩ has odd order and odd valency q. Thus, ab = a−1. By the arbitrary character of r , G is dihedral
and X is a normal Cayley graph on G. This completes the proof. 
Remark. By Theorem3.6, one-regular graphs of square-free order of prime valency are Cayley graphs.
Thus, a non-Cayley one-regular graph of prime valency must have order divisible by a perfect square,
and some such graphs were constructed by Fang et al. [9].
Acknowledgements
This work was supported by the National Natural Science Foundation of China (10871021) and the
Fundamental Research Funds for the Central Universities (2009YJS036).
References
[1] B. Alspach, Point-symmetric graphs and digraphs of prime order and transitive permutation groups of prime degree, J.
Combin. Theory B 15 (1973) 12–17.
[2] L. Babai, Isomorphism problem for a class of point-symmetric structures, Acta Math. Acad. Sci. Hung. 29 (1977) 329–336.
[3] N. Biggs, Algebraic Graph Theory, second ed., Cambridge University Press, Cambridge, 1993.
[4] C.Y. Chao, On the classification of symmetric graphs with a prime number of vertices, Trans. Amer. Math. Soc. 158 (1971)
247–256.
[5] Y. Cheng, J. Oxley, On weakly symmetric graphs of order twice a prime, J. Combin. Theory B 42 (1987) 196–211.
[6] M.D.E. Conder, C.E. Praeger, Remarks on path-transitivity on finite graphs, European J. Combin. 17 (1996) 371–378.
[7] J.D. Dixon, B. Mortimer, Permutation Groups, Springer-Verlag, New York, 1996.
[8] D.Ž. Djoković, G.L. Miller, Regular groups of automorphisms of cubic graphs, J. Combin. Theory B 29 (1980) 195–230.
[9] X. Fang, J. Wang, M.Y. Xu, On 1-arc-regular graphs, European J. Combin. 23 (2002) 785–791.
[10] Y.-Q. Feng, J.H. Kwak, Constructing an infinite family of cubic 1-regular graphs, Europ. J. Combin. 23 (2002) 559–565.
[11] Y.-Q. Feng, J.H. Kwak, One-regular cubic graphs of order a small number times a prime or a prime square, J. Aust. Math.
Soc. 76 (2004) 345–356.
[12] Y.-Q. Feng, J.H. Kwak, Classifying cubic symmetric graphs of order 10p or 10p2 , Sci. China A 49 (2006) 300–319.
[13] Y.-Q. Feng, J.H. Kwak, Cubic symmetric graphs of order a small number times a prime or a prime square, J. Combin. Theory
B 97 (2007) 627–646.
[14] Y.-Q. Feng, J.H. Kwak, K.S. Wang, Classifying cubic symmetric graphs of order 8p or 8p2 , European J. Combin. 26 (2005)
1033–1052.
[15] R. Frucht, A one-regular graph of degree three, Canad. J. Math. 4 (1952) 240–247.
[16] C.D. Godsil, On the full automorphism group of a graph, Combinatorica 1 (1981) 243–256.
[17] J.L. Gross, T.W. Tucker, Topological Graph Theory, Wiley Interscience, New York, 1987.
[18] M. Hladnik, D. Marušič, T. Pisanski, Cyclic Haar graphs, Discrete Math. 244 (2002) 137–152.
[19] B. Huppert, Eudiche Gruppen I, Springer-Verlag, Berlin, 1967.
[20] D. Kim, Y.S. Kwon, J. Lee, Classification of p-valent regular Cayley maps on dihedral groups, manuscript.
[21] J.H. Kwak, Y.S. Kwon, J.M. Oh, Infinitely many one-regular Cayley graphs on dihedral groups of any prescribed valency, J.
Combin. Theory B 98 (2008) 585–598.
[22] J.H. Kwak, J.M. Oh, Infinitely many finite one-regular graphs of any even valency, J. Combin. Theory B 90 (2004) 185–191.
[23] J.H. Kwak, J.M. Oh, One-regular normal Cayley graphs on dihedral groups of valency 4 or 6 with cyclic vertex stabilizer,
Acta Math. Sinica (English Ser.) 22 (2006) 1305–1320.
[24] P. Lorimer, Vertex-transitive graphs: symmetric graphs of prime valency, J. Graph Theory 8 (1984) 55–68.
[25] A. Lukacs, N. Seifter, Finite contractions of graphs with polynomial growth, European J. Combin. 22 (2001) 85–90.
[26] A. Malnič, D. Marušič, P. Potočnik, C.Q. Wang, An infinite family of cubic edge- but not vertex-transitive graphs, Discrete
Math. 280 (2004) 133–148.
[27] A. Malnič, D. Marušič, N. Seifter, Constructing infinite one-regular graphs, European J. Combin. 20 (1999) 845–853.
[28] D. Marušič, On vertex symmetric digraphs, Discrete Math. 36 (1981) 69–81.
[29] D. Marušič, A family of one-regular graphs of valency 4, European J. Combin. 18 (1997) 59–64.
[30] D. Marušič, T. Pisanski, Symmetries of hexagonal graphs on the torus, Croat. Chemica Acta 73 (2000) 969–981.
[31] D. Marušič, R. Scapellato, Classifying vertex-transitive graphs whose order is a product of two primes, Combinatorica 14
(1994) 187–201.
[32] R.C. Miller, The trivalent symmetric graphs of girth at most six, J. Combin. Theory B 10 (1971) 163–182.
[33] J.M. Oh, K.W. Hwang, Construction of one-regular graphs of valency 4 and 6, Discrete Math. 278 (2004) 195–207.
[34] C.E. Praeger, R.J. Wang, M.Y. Xu, Symmetric graphs of order a product of two distinct primes, J. Combin. Theory B 58 (1993)
299–318.
[35] C.E. Praeger, M.Y. Xu, Vertex-primitive graphs of order a product of two distinct primes, J. Combin. Theory B 59 (1993)
245–266.
[36] T. Pisanski, A classification of cubic bicirculants, Discrete Math. 307 (2007) 567–578.
[37] T. Pisanski, M. Randić, Bridges between Geometry and Graph Theory: Geometry atWork, 174–194, in: MAA Notes, vol. 53,
Math. Assoc. America, Washington DC, 2000.
[38] D.J. Robinson, A Course in the Theory of Groups, Springer-Verlag, New York, 1982.
[39] N. Seifter, W. Woess, Approximating graphs with polynomial growth, Glasgow Math. J. 42 (2000) 1–8.
Y.-Q. Feng, Y.-T. Li / European Journal of Combinatorics 32 (2011) 265–275 275
[40] C.Q. Wang, M.Y. Xu, Non-normal one-regular and 4-valent Cayley graphs of dihedral groups D2n , European J. Combin. 27
(2006) 750–766.
[41] C.Q. Wang, Z.Y. Zhou, 4-valent one-regular normal Cayley graphs of dihedral groups, Acta Math. Sinica (Chinese Ser.) 49
(2006) 669–678.
[42] R.J. Wang, M.Y. Xu, A classification of symmetric graphs of order 3p, J. Combin. Theory B 58 (1993) 197–216.
[43] H. Wielandt, Finite Permutation Groups, Academic Press, New York, 1964.
[44] J. Xu,M.Y. Xu, Arc-transitive Cayley graphs of valency atmost four on abelian groups, Southeast Asian Bull. Math. 25 (2001)
355–363.
[45] M.Y. Xu, Automorphism groups and isomorphisms of Cayley digraphs, Discrete Math. 182 (1998) 309–319.
[46] M.Y. Xu, A note on one-regular graphs, Chinese Sci. Bull. 45 (2000) 2160–2162.
[47] J.-X. Zhou, Y.-Q. Feng, Cubic one-regular graphs of order twice a square-free integer, Sci. China A 51 (2008) 1093–1100.
[48] J.-X. Zhou, Y.-Q. Feng, Tetravalent one-regular graphs of order 2pq, J. Algebraic Combin. 29 (2009) 457–471.
